This paper aims at developing numerically validated models for predicting the throughplane effective index of refraction and absorption index of nanocomposite thin films. First, models for the effective optical properties of such materials are derived from previously reported analysis applying the volume averaging theory (VAT) to the Maxwell's equations.
Introduction
In recent years, synthesis and characterization of nanocomposite thin films in general and nanoporous in particular, have been the subject of intense study [1, 2, 3, 4] . Potential applications include dye-sensitized solar cells [5, 6, 7] , low-k dielectric materials [8, 9] , biosensors [10, 11, 12] , and optical devices including waveguides [13, 14, 15] , Bragg reflectors and Fabry-Perot filters [16, 17, 18, 19, 20, 21, 22] . For example, in order to confine and propagate electromagnetic waves within a waveguide, the guide region itself must have a higher index of refraction than the surrounding cladding [23] . On the other hand, Bragg reflectors and Fabry-Perot filters are built by generating alternating layers with prescribed thickness and index of refraction. This geometry uses constructive and destructive interferences to selectively reflect or transmit at desired wavelengths. In each of these optical applications, the index of refraction is tuned by controlling the morphology and porosity of the nanosize pores formed by electrochemical etching of silicon, for example. Optimizing the performance of a given component requires accurate knowledge of the effect of porosity, pore shape and size as well as the optical properties of each phase on the effective optical properties of the nanocomposite medium.
Various effective property models have been proposed in the literature and were discussed in our previous study [24] . In brief, the Maxwell-Garnett Theory (MGT) [25] was first developed to model the effective electric permittivity of heterogeneous media consisting of monodispersed spheres arranged in a cubic lattice structure within a continuous matrix and of diameter much smaller than the wavelength of the incident electromagnetic (EM) wave.
Then, the effective dielectric constant r,ef f is expressed as, 
where r,c and r,d are the dielectric constant of the continuous and dispersed phases, respectively, while φ is the porosity. For dispersed phase volume fractions larger than π/6 52% and polydispersed spheres the Bruggeman [26] model gives the following implicit equation 
On the other hand, the Lorentz-Lorenz model gives the effective index of refraction n ef f as,
where n c and n d are the index of refraction of the continuous and dispersed phases, respectively. Alternatively, the parallel model gives the effective property ψ ef f as a linear function of the properties of the continuous and dispersed phases, i.e.,
The series model, on the other hand, is expressed as,
In addition, del Rio et al. [27] suggested the following effective model for electrical conductivity based on the reciprocity theorem,
Recently, del Rio and Whitaker [28, 29] applied the volume averaging theory (VAT) to the Maxwell's equations for an ensemble of dispersed domains of arbitrary shape in a continuous matrix. They predicted the effective dielectric constant r,ef f , relative permeability µ r,ef f , and electrical conductivity σ ef f of a two-phase mixture as [28] ,
The range of validity of these expressions was discussed in details, and a set of inequalities to be satisfied was developed by Del Rio and Whitaker [28] . Their model has been numerically validated by Braun and Pilon [24] for the effective through-plane index of refraction 4 of non-absorbing nanoporous media with open and closed cylindrical nanopores of various shapes and sizes corresponding to a wide range of porosity. The other models however, underpredicted the numerical results [24] .
Moreover, validation of the above models against experimental data often yields contradictory results [30] . These contradictions can be attributed to the fact that first, some of these models were not developed for the index of refraction but for the dielectric constant.
However, they have been used for optical properties (e.g., Ref. [8, 9, 31, 13] ). Second, unlike the present study, some of these models have also been derived by considering a unit cell containing one pore with uniform incident electromagnetic fields thus ignoring possible interference taking place between adjacent pores [25, 26, 32] . Finally, large experimental uncertainty may exist in the measure of the porosity and the retrieval of the complex index of refraction from transmittance and reflectance measurements. The latter is very sensitive to the surface roughness of the film and to the uniformity and value of the film thickness.
Unfortunately, often, neither the film thickness L nor the experimental uncertainty for both φ and m ef f are reported.
The present study extends our previous investigation to absorbing nanocomposite thin films. It aims at modeling both the through-plane effective index of refraction and absorption index of (1) nanoporous thin films consisting of horizontally aligned cylindrical nanopores or nanowires with different diameters and various porosities and of (2) dielectric medium with embedded metallic nanowires. Such thin films are anisotropic and this study focuses on properties in the direction normal to the film surface. It is limited to non-magnetic materials for which µ r,c = µ r,d = µ r,ef f = 1. Spectral normal-normal transmittance and reflectance are obtained by numerically solving the Maxwell's Equations and used to retrieve the effective index of refraction and absorption index. The numerical results are then compared with previously reviewed models. Finally, the VAT model is analyzed in details.
5
2 Analysis
Optical Properties From Volume Averaging Theory
The index of refraction n and the absorption index k of homogeneous media can be expressed in terms of the real part of their dielectric constant r and of their electrical conductivity σ as [23] ,
where λ is the wavelength of incident radiation, c 0 is the speed of light in vacuum, and 0 is the permittivity of free space. The expression derived by Del Rio and Whitaker [28] for the effective dielectric constant r,ef f and electrical conductivity σ ef f of a two-phase medium [Equations (7) and (9)] can be used to derive the effective optical properties of a two-phase nanocomposite material,
where
and
In particular, when the dispersed phase is vacuum, r,d = n d = 1, and k d = σ d = 0. Note also that, unlike other effective property models, the above VAT models for n ef f and k ef f depend on both the real and complex parts of the complex indices of refraction of the dispersed and continuous phases. In other words, k c and k d affect not only k ef f but also n ef f .
Governing Equations and Numerical Implementation
In order to develop the numerical model, let us first consider a surrounding environment (medium 1, n 1 , k 1 = 0) from which an electromagnetic wave is incident on an absorbing thin 6 film (medium 2, n 2 , k 2 ) deposited onto an absorbing dense substrate (medium 3, n 3 , k 3 ).
A linearly polarized plane wave in transverse electric (TE) mode is incident normal to the film top surface and propagates through the two-dimensional thin film along the x-direction.
As the wave propagates in the x-y plane, it has only one electric field component in the zdirection, while the magnetic field has two components in the x-y plane (i.e., perpendicularly polarized), such that in a general time-harmonic form,
Here, E is the electric field vector, H is the magnetic field vector, e x , e y , and e z are the unit vectors, and ω = 2πc 0 /λ is the angular frequency of the wave. For general time-varying fields in a conducting medium, the Maxwell's Equations can be written as,
where µ 0 and µ r are the magnetic permeability of vacuum and the relative magnetic permeability, respectively, while *
The associated boundary conditions are,
at the surroundings-film interface (19) n × H = 0 at symmetry boundaries (20)
at the source surface (22) where n is the normal vector to the appropriate interface. Equation (21) corresponds to the impedance boundary condition for a semi-infinite substrate while Equation (22) is the low reflecting boundary condition to model the imaginary source surface where the incident electromagnetic wave E 0 = E 0 e z is emitted and that is transparent to the reflected waves.
Moreover, the Poynting vector π is defined as the cross product of the electric and mag-
Re{ E × H}. Its magnitude corresponds to the energy flux carried by 7 the propagating electromagnetic wave. Averaging the x-component of the Poynting vector at location (x,y) over a period 2π/ω of the EM wave gives [23] ,
The incident electric field E 0 = E 0z e z and therefore, the incident time- Finally, the above equations were solved numerically using a commercially available finite element solver (FEMLAB 3.0) applying the Galerkin finite element method on unstructured meshes. The two-dimensional Maxwell's equations are solved in the frequency domain using a 2D transverse electric (TE) wave formulation as described by Equation (16) . In particular, the discretization uses second order elements to solve for the electric field [33] .
In order to validate the numerical implementation of this system of equations, a system composed of a dense absorbing thin film (n 2 = 1.7, k 2 ) of thickness L deposited on a perfectly reflective substrate (n 3 = k 3 → ∞) in air (n 1 =1, k 1 =0) was simulated. The value of k 2 was varied over 3 orders of magnitude from 0.001 to 1, and the infinitely large optical constants of the substrate were imposed as n 3 = k 3 = 10
6
. Normal reflectivity of the system was computed and plotted as a function of πL/λ [30] . The numerical solutions match the analytical solutions found in Ref. [23] , for example. Figure 1 schematically shows the geometry of the simulated nanocomposite thin film on a semi-infinite substrate. The Maxwell's equations are solved in both phases separately as previously described. Equation (19) is used as the boundary condition not only at the incident vacuum-film interface but also at all continuous/dispersed phase interfaces. Finally, it is important to note that Maxwell's equations are generally applied to macroscopic averages of the fields which can vary widely in the vicinity of individual atoms where they undergo quantum mechanical effects. In addition, both the matrix and the nanodomains are treated as homogeneous and isotropic with index of refraction n and absorption index k equal to that of the bulk.
Retrieval of Effective Complex Index of Refraction
The effective complex index of refraction of the nanocomposite thin film was retrieved by minimizing the root mean square of the relative error for the transmittance δT and reflectance δR defined as,
where T num (λ i ) and R num (λ i ) are the transmittance and reflectance computed numerically using FEMLAB 3.0 while T calc (λ i ) and R calc (λ i ) are the transmittance and reflectance predicted from electromagnetic wave theory at N different wavelengths λ i between 400 and 900 nm.
In predicting the theoretical transmittance T calc and reflectance R calc from EM wave theory, polarization effects are disregarded since (1) the incident EM wave is normal to the surface, i.e., the plane of incidence is not defined and the components of the polarization cannot be distinguished [23] and (2) scattering is neglected as the nanopores or nanowires are much smaller than the wavelength of the EM wave. In addition, non-linear optical effects are neglected and surface waves are not observed in the current situation as resonance modes
were not excited for the materials and wavelengths considered. Finally, we assume that all interfaces are optically smooth, i.e., surface roughness is much smaller than the wavelength 9 of the incident EM wave. This assumption may not be satisfied in practice and scattering by the sometimes rough film surface can be observed [34, 35, 36] .
The Microsoft Excel Solver based on the generalized reduced gradient nonlinear optimization method [37] was used to identify the optimum n ef f and k ef f that minimizes the root mean square δT and δR. The theoretical transmittance and reflectance for homogeneous thin films under normal incidence are expressed as [38] , 
, κ 2 = 4πk 2 /λ, and ζ 2 = 4πn 2 /λ (27) Here, the subscripts 1 and 3 refer to the the media above and below the nanocomposite thin 
Absorbing Nanoporous Media
Simulations of electromagnetic wave transport in nanoporous absorbing SiO 2 thin film were conducted for various porosities, film thicknesses, and pore shapes and sizes. First, the continuous phase was assumed to be characterized by constant optical properties n c =1.44 and k c =0.01 over the spectral range from 400 to 900 nm while considering the effective index of refraction of non-absorbing nanoporous thin films [24] .
Note that the values of n ef f predicted by the Lorentz-Lorenz equation [39] fell within 0.2% of the predictions of the Maxwell-Garnett model and therefore, were omitted in Figure 4 for the sake of clarity. In addition, when the pores are open and consist of a set of alternating columns of dispersed and continuous phase, perpendicular to the substrate, the dielectric constant can be modelled using the parallel model given by Equation (7) [30] . Therefore, the VAT model for both n ef f and k ef f provides an accurate prediction of the effective optical properties of the nanoporous thin films simulated with various pore sizes and porosities.
The other effective property models appear not to be appropriate for the reasons previously discussed.
In addition, spectral calculations for nanoporous TiO 2 over the spectral range from 400 to 900 nm have been performed for cylindrical nanopores and nanowires of diameter D=10 nm and for porosity of 0.2146 as illustrated in Figure 5 . The overall film thickness L was such that L/D=150 to ensure that the heterogeneous thin film behaves as homogeneous with some effective properties. The spectral dependency of the complex index of refraction of bulk TiO 2 was accounted for by fitting reported experimental data [40] with a second order polynomial to yield, 
where the wavelength λ is expressed in nanometers and varies between 400 and 900 nm.
First, the transmittance and reflectance computed for cylindrical pores embedded in a TiO 2 matrix and for cylindrical TiO 2 nanowires ( Figure 5 ) were found to be identical. This
indicates that the beyond a critical film thickness, the pore shape has no effect on the effective optical properties of the nanocomposite materials as found by Braun and Pilon [24] for non-absorbing nanoporous thin films. Note that the top surface of the thin film is optically smooth and the film surface roughness due to the presence of nanowires is not accounted for.
Finally, the theoretical transmittance and reflectance were computed using Equations 
Dielectric Medium with Metallic Nanowires
This section aims at assessing the validity of the VAT model for dielectric materials or fluids containing metallic nanowires. Let us consider a dielectric continuous phase of complex The VAT model predicts the retrieved effective index of refraction n ef f within ±6.2% and the effective absorption index k ef f within ± 2.9 %. The fact that metallic nanowires have size dependent optical properties has been ignored but can be accounted for provided that these properties be measured independently.
Moreover, it is interesting to note that the presence of a strongly absorbing dispersed phase such as metallic nanowires reduces dramatically the effective index of refraction of the composite medium even for small volume fractions φ. For certain values of φ, the effective index of refraction n ef f is smaller than that of either the continuous or dispersed phases, i.e., n ef f ≤ M in(n c , n d ). It also reaches a minimum at the volume fraction φ 1 =0.25
as discussed in details in the next section. Simultaneously, the effective absorption index increases significantly even for small metallic nanowire volume fractions. Note also that if the film is thick enough for the effective medium approximation to be valid, the metallic nanowires can take various shapes and/or sizes without affecting the above predictions.
Finally, scattering by the nanopores and nanoparticles can be neglected if their size is much smaller than the wavelength of the incident radiation [41, 42] . A quantitative criterion requires that the size parameter χ = πD/λ be much smaller than unity [41] . This assumption is typically valid for absorbing nanocomposite materials and nanofluids in the visible and infrared part of the spectrum. In the present study χ varies between 0.011 and 0.25. In estimating T calc and R calc from EM wave theory, the fraction of energy scattered by nanopores or nanowires was neglected compared with that transmitted and reflected by the film along the incident direction. This assumption was confirmed numerically for all reported results by comparing the magnitude of the y-component of the Poynting vector perpendicular to the incident directions with its x-component at all locations in the x-y plane, i.e., |π y | avg |π x | avg .
Discussion of the Effective VAT Model
The objective of this section is to mathematically analyze the now numerically validated expressions of n ef f and k ef f given by Equations (12) and (13) . Their derivatives with respect to volume fraction φ are expressed as,
Note that the derivatives of A and B with respect to porosity φ denoted by α and β, respectively, are independent of porosity. The effective properties n ef f and k ef f reach their maximum or minimum when the first order derivatives with respect to volume fraction vanish, i.e., when
Squaring both sides of Equations (33) and (34) and φ 2 can be found,
In order to know whether n ef f and k ef f reach their maximum or minimum, their second order derivatives with respect to φ have to be examined. Based on Equations (33) and (34), the second order derivatives of n ef f or k ef f are the same for φ 1 and φ 2 and can be expressed as, Moreover, the following expressions can be used to identify whether φ 1 is the solution of Equation (33) or (34), i.e., whether n ef f or k ef f reach a minimum at φ = φ 1 ,
If χ is strictly positive then k ef f reaches a minimum while n ef f reaches a minimum if χ is strictly negative. Neither n ef f nor k ef f reach a minimum if χ = 0. In the case of nanoporous media, χ and φ 2 are constant and equal to -1 and 1, respectively. Therefore n ef f can reach a minimum less than 1.0 at an acceptable φ 1 . Finally, for the dielectric medium with embedded metallic nanowires simulated previously, χ is strictly negative and n ef f reaches a minimum. This is illustrated in Figure 7 where n ef f reaches a minimum of 1.33 at φ 1 =0.25.
Finally, this study constitutes the first two-dimensional numerical validation for TE polarization of the VAT applied to the three-dimensional Maxwell's equations [28, 29] in two-phase systems with dispersed domains of arbitrary shape. For complete validation, the present study should be extended to both a three-dimensional and transverse magnetic (TM) polarization cases.
Conclusions
The VAT models for the effective dielectric and electrical properties of two-phase media [28] have been used to derive the through-plane effective index of refraction n ef f and absorption index k ef f of nanoporous materials. Moreover, a numerical scheme has been developed and implemented to solve the Maxwell's equations for a normally incident TE electromagnetic wave travelling through (1) Figure Captions 1.E-08
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